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A classification of inner actions of the
Dipper-Donkin quantization GL2 on the
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Suemi Rodr´ıguez-Romo
Centre of Theoretical Research
National University of Me´xico, Campus Cuautitla´n
Apdo. Postal 95, Unidad Militar, Cuautitla´n Izcalli
Estado de Me´xico, 54768 Me´xico.∗
Abstract. We present all inner actions on the Clifford algebra C (1, 3) of
the quantum group GL2 constructed by Dipper and Donkin [1].
Following the method already developed for studying the actions of GLq(2, C)
on the Clifford algebra C (1, 3) [2] we construct any possible inner action of Dipper-
Donkin quantization on this Clifford algebra. We also provide with the correspond-
ing operator algebra ℜ (namely the image of the representation), the algebra of
invariants I which is equal to the centralizer of ℜ in C (1, 3), and the perturbation
of the representation [3]. Let ϕ be a representation and c11, c12, c21, c22, generators
of GL2, we say that the representation ϕ has a perturbation if ϕ(c12c21) 6= 0. We
define cij → Cij to be a finite dimensional representation of the quantum GL2.
∗ e-mail: suemi@servidor.unam.mx
1
CASE 1) d=diag(q2, q, 1, 1)
CASE 1.1)
C12 = αe12 + βe23 + γe24
C21 = 0
C11 = 1
C22 = q
2e11 + qe22 + e33 + e44
ℜ =


∗ ∗ ∗ ∗
0 ∗ ∗ ∗
0 0 ǫ 0
0 0 0 ǫ


dimℜ
8
dimI
1
I ∼= C Perturbation zero
CASE 1.2)
C12 = αe12 + βe24
C21 = 0
C11 = 1+ e34
C22 = q
2e11 + qe22 + e33 + e44 − e34
ℜ =


∗ ∗ 0 0
0 ∗ 0 ∗
0 0 ǫ ∗
0 0 0 ǫ


dimℜ
6
dimI
2
I =


α 0 0 0
0 α 0 0
0 0 α γ
0 0 0 α

 Perturbation zero
CASE 1.3)
C12 = 0
C21 = αe21 + βe32
C11 = e11 + q
−1e22 + q
−2e33 + γe44
C22 = q
2e11 + q
2e22 + q
2e33 + γ
−1e44
ℜ =


∗ 0 0 0
∗ ∗ 0 0
0 ∗ ǫ 0
0 0 0 ǫ


dimℜ
5
dimI
3
I =


α 0 0 0
0 α 0 0
0 0 α β
0 0 0 α

 Perturbation zero
2
CASE 1.4)
C12 = 0
C21 = αe21 + βe32
C11 = e11 + q
−1e22 + q
−2e33 + q
−2e44 + e34
C22 = q
21− q4e34
ℜ =


∗ 0 0 0
∗ ∗ 0 0
0 ∗ ǫ ∗
0 0 0 ǫ


dimℜ
6
dimI
2
I =


α 0 0 0
0 α 0 0
0 0 α β
0 0 0 α

 Perturbation zero
CASE 1.5)
C12 = βe23 + γe24
C21 = αe21
C11 = diag(1, q
−1, q−1, q−1)
C22 = diag(q
2, q2, q, q)
ℜ =


∗ 0 0 0
∗ ∗ ϕ −βϕ
γ
0 0 ǫ 0
0 0 0 ǫ


dimℜ
5
dimI
1
I ∼= C Perturbation zero
CASE 1.6)
C12 = αe24
C21 = βe21
C11 = e11 + q
−1e22 + q
−1e33 + q
−1e44 + e34
C22 = q
2e11 + q
2e22 + qe33 + qe44 − q
2e34
ℜ =


∗ 0 0 0
∗ ∗ 0 ∗
0 0 ǫ ∗
0 0 0 ǫ


dimℜ
6
dimI
3
I =


α 0 0 0
0 α 0 0
0 0 α β
0 0 γ α

 Perturbation zero
CASE 1.7)
C12 = αe12
C21 = βe32 + γe42
C11 = e11 + e22 + q
−1e33 + q
−1e44
C22 = q
2e11 + qe22 + qe33 + qe44
ℜ =


∗ ∗ 0 0
0 ∗ 0 0
0 ∗ ǫ 0
0 ∗ 0 ǫ


dimℜ
6
dimI
1
I ∼= C Perturbation zero
3
CASE 1.8)
C12 = αe12
C21 = βe32
C11 = e11 + e22 + q
−1e33 + q
−1e44 + e34
C22 = q
2e11 + qe22 + qe33 + qe44 − q
2e34
ℜ =


∗ ∗ 0 0
0 ∗ 0 0
0 ∗ ǫ ∗
0 0 0 ǫ


dimℜ
6
dimI
2
I =


α 0 0 0
0 α 0 0
0 0 α β
0 0 0 α

 Perturbation zero
4
CASE 2) d=diag(q2, q, q, 1)
CASE 2.1)
C12 = 0
C21 = −µδe21 + µγe31 + γe42 + δe43
C11 = e11 + q
−1e22 + q
−1e33 + q
−2e44
C22 = q
21
ℜ =


∗ 0 0 0
ϕ ǫ 0 0
γϕ
δ
0 0 0
0 φ −γφ
δ
∗


dimℜ
5
dimI
5
I =


β 0 0 0
0 ψ φ 0
0 γ
δ
(ϕ− ψ) +
( γ
δ
)2
φ ϕ 0
0 0 0 α

 Perturbation zero
CASE 2.2)
C12 = qe13 − µe24
C21 = −µe21 + e43
C11 = e11 + q
−1e22 + e33 + q
−1e44
C22 = q
2e11 + q
2e22 + qe33 + qe44 − qµe23
ℜ =
(
∗ ∗
0 ∗
)
⊗
(
∗ ∗
0 ∗
)
dimℜ
9
dimI
1
I ∼= C
Perturbation
C12C21 = −µe23
CASE 2.3)
C12 = qλδe13
C21 = δe43
C11 = e11 + αe22 + e33 + q
−1e44
C22 = q
2e11 + qα
−1e22 + qe33 + qe44
α 6= 1
ℜ =


∗ 0 ∗ 0
0 ∗ 0 0
0 0 ∗ 0
0 0 ∗ ∗


dimℜ
6
dimI
2
I =


α 0 0 0
0 β 0 0
0 0 α 0
0 0 0 α

 Perturbation zero
5
CASE 2.4)
C12 = qλδe13
C21 = δe43
C11 = e11 + e22 + e33 + q
−1e44
C22 = q
2e11 + qe22 + qe33 + qe44
ℜ =


∗ 0 ∗ 0
0 ǫ 0 0
0 0 ǫ 0
0 0 ∗ ∗


dimℜ
5
dimI
2
I =


α 0 0 0
0 β 0 0
0 0 α 0
0 0 0 α

 Perturbation zero
CASE 2.5)
C12 = qγe12 + qδe13
C21 = γe42 + δe43
C11 = e11 + e22 + e33 + q
−1e44
C22 = q
2e11 + qe22 + q33 + qe44
ℜ =


∗ ϕ ϕ 0
0 ǫ 0 0
0 0 ǫ 0
0 ψ ψ ∗


dimℜ
5
dimI
6
I =


α 0 0 0
0 γ δ 0
0 φ ψ 0
0 0 0 β

 Perturbation zero
CASE 2.6)
C12 = 0
C21 = 0
C11 = e11 + αe22 + βe33 + γe44
C22 = q
2e11 + qα
−1e22 + qβ
−1e33 + γ
−1e44
α 6= β 6= γ 6= 1
ℜ =


∗ 0 0 0
0 ∗ 0 0
0 0 ∗ 0
0 0 0 ∗


dimℜ
4
dimI
4
I =


α 0 0 0
0 β 0 0
0 0 γ 0
0 0 0 δ

 Perturbation zero
CASE 2.7)
C12 = 0
C21 = 0
C11 = e11 + αe22 + αe33 + γe44
C22 = q
2e11 + qα
−1e22 + qα
−1e33 + γ
−1e44
ℜ =


∗ 0 0 0
0 ǫ 0 0
0 0 ǫ 0
0 0 0 ∗


dimℜ
3
dimI
6
I =


α 0 0 0
0 γ δ 0
0 ǫ φ 0
0 0 0 β

 Perturbation zero
6
CASE 2.8)
C12 = qe12 + µe34
C21 = µe31 + e42
C11 = e11 + e22 + q
−1e33 + q
−1e44
C22 = q
2e11 + qe22 + q
2e33 + qe44 + qµe32
ℜ =
(
∗ ∗
0 ∗
)
⊗
(
∗ 0
∗ ∗
)
dimℜ
9
dimI
1
I ∼= C
Perturbation
C12C21 = µe32
CASE 2.9)
C12 = 0
C21 = 0
C11 = e11 + αe22 + αe33 + βe44
C22 = q
2e11 +
q
α
e22 +
q
α
e33 + β
−1e44
ℜ =


∗ 0 0 0
0 ǫ 0 0
0 0 ǫ 0
0 0 0 ∗


dimℜ
3
dimI
6
I =


α 0 0 0
0 γ δ 0
0 φ ψ 0
0 0 0 β

 Perturbation zero
CASE 2.10)
C12 = 0
C21 = 0
C11 = e11 + αe22 + βe33 + γe44
C22 = q
2e11 +
q
α
e22 +
q
β
e33 + γ
−1e44
α 6= β
ℜ =


∗ 0 0 0
0 ∗ 0 0
0 0 ∗ 0
0 0 0 ∗


dimℜ
4
dimI
4
I =


α 0 0 0
0 β 0 0
0 0 γ 0
0 0 0 δ

 Perturbation zero
CASE 2.11)
C12 = qe12 + µe34
C21 = µe31 + e42
C11 = e11 + e22 + q
−1e33 + q
−1e44
C22 = q
2e11 + qe22 + q
2e33 + qe44 + qµe32
ℜ =
(
∗ ∗
0 ∗
)
⊗
(
∗ 0
∗ ∗
)
dimℜ
9
dimI
1
I ∼= C
Perturbation
C12C21 = µe32
7
CASE 2.12)
C12 = 0
C21 = −µδe21 + δe43
C11 = e11 + q
−1e22 + q
−1e33 + q
−2e44 + e23
C22 = q
2e11 + q
2e22 + q
2e33 + q
2e44 − q
3e23
ℜ =


∗ 0 0 0
∗ ǫ ∗ 0
0 0 ǫ 0
0 0 ∗ ∗


dimℜ
6
dimI
1
I ∼= C Perturbation zero
CASE 2.13)
C12 = 0
C21 = 0
C11 = e11 + αe22 + αe33 + βe44 + e23
C22 = q
2e11 +
q
α
e22 +
q
α
e33 +
1
β
e44 −
q
α2
e23
ℜ =


∗ 0 0 0
0 ǫ ∗ 0
0 0 ǫ 0
0 0 0 ∗


dimℜ
4
dimI
4
I =


α 0 0 0
0 γ δ 0
0 0 γ 0
0 0 0 β

 Perturbation zero
CASE 2.14)
C12 = qλδe13
C21 = δe43
C11 = e11 + e22 + e33 + q
−1e44 + e23
C22 = q
2e11 + qe22 + qe33 + qe44 − qe23
ℜ =


∗ 0 ∗ 0
0 ǫ ∗ 0
0 0 ǫ 0
0 0 ∗ ∗


dimℜ
6
dimI
2
I =


α 0 0 0
0 α β 0
0 0 α 0
0 0 0 α

 Perturbation zero
CASE 2.15)
C12 = 0
C21 = 0
C11 = e11 + αe22 + αe33 + βe44 + e23
C22 = q
2e11 +
q
α
e22 +
q
α
e33 +
1
β
e44 −
q
α2
e23
ℜ =


∗ 0 0 0
0 ǫ ∗ 0
0 0 ǫ 0
0 0 0 ∗


dimℜ
4
dimI
3
I =


α 0 0 0
0 β γ 0
0 0 β 0
0 0 0 α

 Perturbation zero
8
CASE 3) d=diag(q2, q2, q, 1)
CASE 3.1)
C12 = αe13 + βe23 + γe34
C21 = 0
C11 = 1
C22 = q
2e11 + q
2e22 + qe33 + e44
ℜ =


ǫ 0 φ ϕ
0 ǫ φ ϕ
0 0 ∗ ∗
0 0 0 ∗


dimℜ
6
dimI
5
I =


ϕ β 0 0
γ δ 0 0
0 0 α 0
0 0 0 α

 Perturbation zero
CASE 3.2)
C12 = αe13 + γe34
C21 = 0
C11 = 1+ e12
C22 = q
2e11 + q
2e22 + e33 + e44
ℜ =


ǫ ∗ ∗ ∗
0 ǫ 0 0
0 0 ∗ ∗
0 0 0 ∗


dimℜ
7
dimI
2
I =


α β 0 0
0 α 0 0
0 0 α 0
0 0 0 α

 Perturbation zero
CASE 3.3)
C12 = 0
C21 = αe31 + βe32 + γe43
C11 = q
2e11 + q
2e22 + qe33 + e44
C22 = 1
ℜ =


ǫ 0 0 0
0 ǫ 0 0
ϕ ϕ ∗ 0
η η ∗ ∗


dimℜ
6
dimI
5
I =


β γ 0 0
δ η 0 0
0 0 α 0
0 0 0 α

 Perturbation zero
9
CASE 3.4)
C12 = 0
C21 = βe32 + γe43
C11 = 1+ e12
C22 = q
2e11 + q
2e22 + qe33 + e44 − q
2e12
ℜ =


ǫ ∗ 0 0
0 ǫ 0 0
0 ∗ ∗ 0
0 ∗ ∗ ∗


dimℜ
7
dimI
2
I =


β 0 0 0
0 α 0 0
0 0 α 0
0 0 0 α

 Perturbation zero
CASE 3.5)
C12 = αe13 + βe23
C21 = γe43
C11 = qe11 + qe22 + qe33 + e44
C22 = qe11 + qe22 + e33 + e44
ℜ =


ǫ 0 ϕ 0
0 ǫ ϕ 0
0 0 ∗ 0
0 0 ∗ ∗


dimℜ
5
dimI
5
I =


β γ 0 0
ǫ ϕ 0 0
0 0 α 0
0 0 0 α

 Perturbation zero
CASE 3.6)
C12 = αe13 + βe23
C21 = γe43
C11 = qe11 + qe22 + qe33 + e44 + e12
C22 = qe11 + qe22 + e33 + e44 − qe12
ℜ =


ǫ ∗ ∗ 0
0 ǫ ∗ 0
0 0 ∗ 0
0 0 0 ∗


dimℜ
6
dimI
1
I ∼= C Perturbation zero
CASE 3.7)
C12 = γe34
C21 = βe32
C11 = qe11 + qe22 + e33 + e44
C22 = qe11 + qe22 + qe33 + e44
ℜ =


ǫ 0 0 0
0 ǫ 0 0
0 ∗ ∗ ∗
0 0 0 ∗


dimℜ
5
dimI
3
I =


β γ 0 0
0 α 0 0
0 0 α 0
0 0 0 α

 Perturbation zero
10
CASE 3.8)
C12 = γe34
C21 = βe32
C11 = αe11 + qe22 + e33 + e44
C22 =
q2
α
e11 + qe22 + qe33 + e44
α 6= q
ℜ =


∗ 0 0 0
0 ∗ 0 0
0 ∗ ∗ ∗
0 0 0 ∗


dimℜ
6
dimI
1
I ∼= C Perturbation zero
CASE 3.9)
C12 = γe34
C21 = βe32
C11 = qe11 + qe22 + e33 + e44 + e12
C22 = qe11 + qe22 + qe33 + e44 − e12
ℜ =


ǫ ∗ 0 0
0 ǫ 0 0
0 ∗ ∗ ∗
0 0 0 ∗


dimℜ
6
dimI
2
I =


α β 0 0
0 α 0 0
0 0 α 0
0 0 0 α

 Perturbation zero
CASE 3.10)
C12 = γe34
C21 = αe31
C11 = qe11 + qe22 + e33 + e44
C22 = qe11 + qe22 + qe33 + e44
ℜ =


ǫ 0 0 0
0 ǫ 0 0
∗ 0 ∗ ∗
0 0 0 ∗


dimℜ
5
dimI
3
I =


α 0 0 0
β γ 0 0
0 0 α 0
0 0 0 α

 Perturbation zero
CASE 3.11)
C12 = γe34
C21 = βe31
C11 = qe11 + αe22 + e33 + e44
C22 = qe11 +
q2
α
e22 + qe33 + e44
α 6= q
ℜ =


∗ 0 0 0
0 ∗ 0 0
∗ 0 ∗ ∗
0 0 0 ∗


dimℜ
6
dimI
1
I ∼= C Perturbation zero
11
CASE 3.12)
C12 = γe34
C21 = 0
C11 = αe11 + αe22 + e33 + e44 + e12
C22 =
q2
α
e11 +
q2
α
e22 + qe33 + e44 −
q2
α2
e12
ℜ =


ǫ ∗ 0 0
0 ǫ 0 0
0 0 ∗ ∗
0 0 0 ∗


dimℜ
5
dimI
3
I =


β γ 0 0
0 β 0 0
0 0 α 0
0 0 0 α

 Perturbation zero
CASE 3.13)
C12 = γe34
C21 = αe31 + βe32
C11 = qe11 + e22 + e33 + e44
C22 = qe11 + q
2e22 + qe33 + e44
ℜ =


∗ 0 0 0
0 ∗ 0 0
∗ ∗ ∗ ∗
0 0 0 ∗


dimℜ
7
dimI
1
I ∼= C Perturbation zero
CASE 3.14)
C12 = γe34
C21 = βe32
C11 = qe11 + qe22 + e33 + e44 + e12
C22 = qe11 + qe22 + qe33 + e44 − e12
ℜ =


ǫ ∗ 0 0
0 ǫ 0 0
0 ∗ ∗ ∗
0 0 0 ∗


dimℜ
6
dimI
1
I ∼= C Perturbation zero
CASE 3.15)
C12 = βe23
C21 = γe43
C11 = qe11 + qe22 + qe33 + e44
C22 = qe11 + qe22 + e33 + e44
ℜ =


ǫ 0 0 0
0 ǫ ∗ 0
0 0 ∗ 0
0 0 ∗ ∗


dimℜ
5
dimI
3
I =


ǫ 0 0 0
ϕ α 0 0
0 0 α 0
0 0 0 α

 Perturbation zero
12
CASE 3.16)
C12 = βe23
C21 = γe43
C11 = αe11 + qe22 + qe33 + e44
C22 =
q2
α
e11 + qe22 + e33 + e44
α 6= q
ℜ =


∗ 0 0 0
0 ∗ ∗ 0
0 0 ∗ 0
0 0 ∗ ∗


dimℜ
6
dimI
2
I =


α 0 0 0
0 β 0 0
0 0 β 0
0 0 0 β

 Perturbation zero
CASE 3.17)
C12 = 0
C21 = γe43
C11 = αe11 + αe22 + qe33 + e44 + e12
C22 =
q2
α
e11 +
q2
α
e22 + e33 + e44 −
q2
α2
e12
ℜ =


ǫ ∗ 0 0
0 ǫ 0 0
0 0 ∗ 0
0 0 ∗ ∗


dimℜ
5
dimI
3
I =


β ϕ 0 0
0 β 0 0
0 0 α 0
0 0 0 α

 Perturbation zero
CASE 3.18)
C12 = qe13
C21 = γe43
C11 = qe11 + qe22 + qe33 + e44
C22 = qe11 + qe22 + e33 + e44
ℜ =


ǫ 0 ∗ 0
0 ǫ 0 0
0 0 ∗ 0
0 0 0 ∗


dimℜ
4
dimI
3
I =


α β 0 0
0 γ 0 0
0 0 α 0
0 0 0 α

 Perturbation zero
13
CASE 3.19)
C12 = αe13
C21 = γe43
C11 = qe11 + αe22 + qe33 + e44
C22 = qe11 +
q2
α
e22 + e33 + e44
α 6= q
ℜ =


∗ 0 ∗ 0
0 ∗ 0 0
0 0 ∗ 0
0 0 ∗ ∗


dimℜ
6
dimI
2
I =


α 0 0 0
0 β 0 0
0 0 α 0
0 0 0 α

 Perturbation zero
CASE 3.20)
C12 = αe13
C21 = γe43
C11 = qe11 + qe22 + qe33 + e44 + e12
C22 = qe11 + qe22 + e33 + e44 − e12
ℜ =


ǫ ∗ ∗ 0
0 ǫ 0 0
0 0 ∗ ∗
0 0 0 ∗


dimℜ
6
dimI
2
I =


α β 0 0
0 α 0 0
0 0 α 0
0 0 0 α

 Perturbation zero
14
CASE 4) d=diag(q3, q2, q, 1)
CASE 4.1)
C12 = 0
C21 = αe21 + βe32 + γe43
C11 = q
3e11 + q
2e22 + qe33 + e44
C22 = 1
ℜ =


∗ 0 0 0
∗ ∗ 0 0
0 ∗ ∗ 0
0 0 ∗ ∗


dimℜ
7
dimI
1
I ∼= C Perturbation zero
CASE 4.2)
C12 = βe23
C21 = αe21 + γe43
C11 = q
2e11 + qe22 + qe33 + e44
C22 = qe11 + qe22 + e33 + e44
ℜ =


∗ 0 0 0
∗ ∗ ∗ 0
0 0 ∗ 0
0 0 ∗ ∗


dimℜ
7
dimI
1
I ∼= C Perturbation zero
CASE 4.3)
C12 = αe12 + γe34
C21 = βe32
C11 = qe11 + qe22 + e33 + e44
C22 = q
2e11 + qe22 + qe33 + e44
ℜ =


∗ ∗ 0 0
0 ∗ 0 0
0 ∗ ∗ ∗
0 0 0 ∗


dimℜ
7
dimI
1
I ∼= C Perturbation zero
15
CASE 4.4)
C12 = αe12 + βe23 + γe34
C21 = 0
C11 = 1
C22 = q
3e11 + q
2e22 + qe33 + e44
ℜ =


∗ ∗ 0 0
0 ∗ ∗ 0
0 0 ∗ ∗
0 0 0 ∗


dimℜ
7
dimI
1
I ∼= C Perturbation zero
CASE 4.5)
C12 = γe34
C21 = αe21 + βe32
C11 = q
2e11 + qe22 + e33 + e44
C22 = qe11 + qe22 + qe33 + e44
ℜ =


∗ 0 0 0
∗ ∗ 0 0
0 ∗ ∗ ∗
0 0 0 ∗


dimℜ
7
dimI
1
I = C Perturbation zero
CASE 4.6)
C12 = βe23 + γe34
C21 = αe21
C11 = qe11 + e22 + e33 + e44
C22 = q
2e11 + q
2e22 + qe33 + e44
ℜ =


∗ 0 0 0
∗ ∗ ∗ 0
0 0 ∗ ∗
0 0 0 ∗


dimℜ
7
dimI
1
I ∼= C Perturbation zero
CASE 4.7)
C12 = αe12
C21 = βe32 + γe43
C11 = q
2e11 + q
2e22 + qe33 + e44
C22 = qe11 + e22 + e33 + e44
ℜ =


∗ ∗ 0 0
0 ∗ 0 0
0 ∗ ∗ 0
0 0 ∗ ∗


dimℜ
7
dimI
1
I ∼= C Perturbation zero
16
CASE 4.8)
C12 = αe12 + βe23
C21 = γe43
C11 = qe11 + qe22 + qe33 + e44
C22 = q
2e11 + qe22 + e33 + e44
ℜ =


∗ ∗ 0 0
0 ∗ ∗ 0
0 0 ∗ 0
0 0 ∗ ∗


dimℜ
7
dimI
1
I ∼= C Perturbation zero
17
CASE 5) d=diag(α, q2, q, 1)
α 6= 0, q−1, 1, q, q2, q3
CASE 5.1)
C12 = 0
C21 = γe32 + βe43
C11 = δe11 + q
2e22 + qe33 + e44
C22 =
α
δ
e11 + e22 + e33 + e44
ℜ =


∗ 0 0 0
0 ∗ 0 0
0 ∗ ∗ 0
0 0 ∗ ∗


dimℜ
6
dimI
2
I =


β 0 0 0
0 γ 0 0
0 0 γ 0
0 0 0 γ

 Perturbation zero
CASE 5.2)
C12 = βe23 + γe34
C21 = 0
C11 = δe11 + e22 + e33 + e44
C22 =
α
δ
e11 + q
2e22 + qe33 + e44
ℜ =


∗ 0 0 0
0 ∗ ∗ 0
0 0 ∗ ∗
0 0 0 ∗


dimℜ
6
dimI
2
I =


γ 0 0 0
0 β 0 0
0 0 β 0
0 0 0 β

 Perturbation zero
CASE 5.3)
C12 = βe34
C21 = γe32
C11 = δe11 + qe22 + e33 + e44
C22 =
α
δ
e11 + qe22 + qe33 + e44
ℜ =


∗ 0 0 0
0 ∗ 0 0
0 ∗ ∗ ∗
0 0 0 ∗


dimℜ
6
dimI
2
I =


γ 0 0 0
0 β 0 0
0 0 β 0
0 0 0 β

 Perturbation zero
CASE 5.4)
C12 = γe23
C21 = βe43
C11 = δe11 + qe22 + qe33 + e44
C22 =
α
δ
e11 + qe22 + e33 + e44
ℜ =


∗ 0 0 0
0 ∗ ∗ 0
0 0 ∗ 0
0 0 ∗ ∗


dimℜ
6
dimI
2
I =


γ 0 0 0
0 β 0 0
0 0 β 0
0 0 0 β

 Perturbation zero
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CASE 6) d=diag(q2, q2, q, 1) + e12
CASE 6.1)
C12 = 0
C21 = αe43
C11 = q
2βe11 + q
2βe22 + qγe33 + γe44 + βe12
c22 = β
−1e11 + β
−1e22 + qδ
−1e33 + γ
−1e44
ℜ =


ǫ ∗ 0 0
0 ǫ 0 0
0 0 ∗ 0
0 0 ∗ ∗


dimℜ
5
dimI
3
I =


β γ 0 0
0 β 0 0
0 0 α 0
0 0 0 α

 Perturbation zero
CASE 6.2)
C12 = αe13 + βe34
C21 = 0
C11 = q
2e11 + q
2e22 + q
2e33 + q
2e44 + e12
C22 = e11 + e22 + q
−1e33 + q
−2e44
ℜ =


ǫ ∗ ∗ 0
0 ǫ 0 0
0 0 ∗ ∗
0 0 0 ∗


dimℜ
6
dimI
2
I =


α β 0 0
0 α 0 0
0 0 α 0
0 0 0 α

 Perturbation zero
CASE 6.3)
C12 = αe34
C21 = βe32
C11 = q
2e11 + q
2e22 + qe33 + qe44 + e12
C22 = e11 + e22 + e33 + q
−1e44
ℜ =


ǫ ∗ 0 0
0 ǫ 0 0
0 ∗ ∗ 0
0 0 ∗ ∗


dimℜ
6
dimI
2
I =


α β 0 0
0 α 0 0
0 0 α 0
0 0 0 α

 Perturbation zero
20
CASE 6.4)
C12 = αe34
C21 = 0
C11 = q
2βe11 + q
2βe22 + γe33 + γe44 + βe12
C22 = β
−1e11 + β
−1e22 + qγ
−1e33 + γ
−1e44
ℜ =


ǫ ∗ 0 0
0 ǫ 0 0
0 0 ∗ ∗
0 0 0 ∗


dimℜ
5
dimI
3
I =


α γ 0 0
0 α 0 0
0 0 β 0
0 0 0 β

 Perturbation zero
CASE 6.5)
C12 = αe13
C21 = 0
C11 = q
2βe11 + q
2βe22 + q
2βe33 + δe44 + βe12
C22 = β
−1e11 + β
−1e22 + q
−1β−1e33 + δ
−1e44
ℜ =


ǫ ∗ ∗ 0
0 ǫ 0 0
0 0 ∗ 0
0 0 0 ∗


dimℜ
5
dimI
3
I =


α γ 0 0
0 α 0 0
0 0 α 0
0 0 0 β

 Perturbation zero
CASE 6.6)
C12 = 0
C21 = αe32
C11 = q
2βe11 + q
2βe22 + qβe33 + δe44 + βe12
C22 = β
−1e11 + β
−1e22 + β
−1e33 + δ
−1e44
ℜ =


ǫ ∗ 0 0
0 ǫ 0 0
0 ∗ ∗ 0
0 0 0 ∗


dimℜ
5
dimI
3
I =


α γ 0 0
0 α 0 0
0 0 α 0
0 0 0 β

 Perturbation zero
CASE 6.7)
C12 = 0
C21 = 0
C11 = q
2αe11 + q
2αe22 + βe33 + γe44 + αe12
C22 = α
−1e11 + α
−1e22 + qβ
−1e33 + γ
−1e44
ℜ =


ǫ ∗ 0 0
0 ǫ 0 0
0 0 ∗ 0
0 0 0 ∗


dimℜ
4
dimI
4
I =


γ ϕ 0 0
0 γ 0 0
0 0 β 0
0 0 0 α

 Perturbation zero
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CASE 7) d=diag(q2, q, 1, 1) + e34
CASE 7.1)
C12 = αe24
C21 = βe21
C11 = qe11 + e22 + e33 + e44 + e34
C22 = qe11 + qe22 + e33 + e44
ℜ =


∗ 0 0 0
∗ ∗ 0 ∗
0 0 ǫ ∗
0 0 0 ǫ


dimℜ
6
dimI
1
I ∼= C Perturbation zero
CASE 7.2)
C12 = αe24
C21 = βe21
C11 = qβe11 + βe22 + γe33 + βe44 + βe34
C22 = qδ
−1e11 + qδ
−1e22 + γ
−1e33 + δ
−1e44
β 6= γ 6= δ
ℜ =


∗ 0 0 0
∗ ∗ 0 ∗
0 0 ∗ ∗
0 0 0 ∗


dimℜ
7
dimI
1
I ∼= C Perturbation zero
CASE 7.3)
C12 = 0
C21 = αe21 + βe32
C11 = q
2e11 + qe22 + e33 + e44 + e34
C22 = 1
ℜ =


∗ 0 0 0
∗ ∗ 0 0
0 ∗ ǫ ∗
0 0 0 ǫ


dimℜ
6
dimI
1
I ∼= C Perturbation zero
22
CASE 7.4)
C12 = 0
C21 = αe21 + βe32
C11 = q
2γe11 + qγe22 + γe33 + δe44 + δe34
C22 = γ
−1e11 + γ
−1e22 + γ
−1e33 + δ
−1e44
γ 6= δ
ℜ =


∗ 0 0 0
∗ ∗ 0 0
0 ∗ ∗ ∗
0 0 0 ∗


dimℜ
7
dimI
1
I ∼= C Perturbation zero
CASE 7.5)
C12 = 0
C21 = αe21
C11 = qβe11 + βe22 + γe33 + δe44 + δe34
C22 = qβ
−1e11 + qβ
−1e22 + γ
−1e33 + δ
−1e44
either γ = δ = β or γ = δ = qβ
or γ = δ 6= β or γ = δ 6= qβ
ℜ =


∗ 0 0 0
∗ ∗ 0 0
0 0 ǫ ∗
0 0 0 ǫ


dimℜ
5
dimI
3
I =


α 0 0 0
0 α 0 0
0 0 β γ
0 0 0 β

 Perturbation zero
CASE 7.6)
C12 = 0
C21 = αe21
C11 = qβe11 + βe22 + γe33 + δe44 + δe34
C22 = qβ
−1e11 + qβ
−1e22 + γ
−1e33 + δ
−1e44
neither γ = δ = β nor γ = δ = qβ
nor γ = δ 6= β nor γ = δ 6= qβ
ℜ =


∗ 0 0 0
∗ ∗ 0 0
0 0 ∗ ∗
0 0 0 ∗


dimℜ
6
dimI
2
I =


β 0 0 0
0 β 0 0
0 0 α 0
0 0 0 α

 Perturbation zero
23
CASE 7.7)
C12 = αe24 + βe12
C21 = 0
C11 = 1+ e34
C22 = q
2e11 + qe22 + e33 + e44
ℜ =


∗ ∗ 0 0
0 ∗ 0 ∗
0 0 ǫ ∗
0 0 0 ǫ


dimℜ
6
dimI
2
I =


α 0 0 0
0 α 0 0
0 0 α β
0 0 0 α

 Perturbation zero
CASE 7.8)
C12 = αe24 + βe12
C21 = 0
C11 = αe11 + αe22 + γe33 + αe44 + αe34
C22 =
q2
α
e11 +
q
α
e22 + γ
−1e33 + α
−1e44
α 6= γ
ℜ =


∗ ∗ 0 0
0 ∗ 0 ∗
0 0 ∗ 0
0 0 0 ∗


dimℜ
6
dimI
1
I ∼= C Perturbation zero
CASE 7.9)
C12 = αe12
C21 = βe32
C11 = qe11 + qe22 + e33 + e44 + e34
C22 = qe11 + e22 + e33 + e44
ℜ =


∗ ∗ 0 0
0 ∗ 0 0
0 ∗ ǫ ∗
0 0 0 ǫ


dimℜ
6
dimI
1
I ∼= C Perturbation zero
CASE 7.10)
C12 = αe12
C21 = βe32
C11 = qγe11 + qγe22 + γe33 + δe44 + δe34
C22 = qγ
−1e11 + γ
−1e22 + γ
−1e33 + δ
−1e44
γ 6= δ
ℜ =


∗ ∗ 0 0
0 ∗ 0 0
0 ∗ ∗ ∗
0 0 0 ∗


dimℜ
7
dimI
1
I ∼= C Perturbation zero
24
CASE 7.11)
C12 = βe12
C21 = 0
C11 = αe11 + αe22 + γe33 + γe44 + γe34
C22 =
q2
α
e11 +
q
α
e22 + γ
−1e33 + γ
−1e44
ℜ =


∗ ∗ 0 0
0 ∗ 0 0
0 0 ǫ ∗
0 0 0 ǫ


dimℜ
5
dimI
3
I =


α 0 0 0
0 α 0 0
0 0 β γ
0 0 0 β

 Perturbation zero
CASE 7.12)
C12 = βe12
C21 = 0
C11 = αe11 + αe22 + γe33 + δe44 + δe34
C22 =
q2
α
e11 +
q
α
e22 + γ
−1e33 + δ
−1e44
γ 6= δ
ℜ =


∗ ∗ 0 0
0 ∗ 0 0
0 0 ∗ ∗
0 0 0 ∗


dimℜ
6
dimI
2
I =


α 0 0 0
0 α 0 0
0 0 β 0
0 0 0 β

 Perturbation zero
CASE 7.13)
C12 = δe24
C21 = 0
C11 = αe11 + βe22 + γe33 + βe44 + βe34
C22 =
q2
α
e11 +
q
β
e22 + γ
−1e33 + β
−1e44
either α = β = γ or γ−1 = q2α−1 = β−1
ℜ =


∗ 0 0 0
0 ∗ 0 ∗
0 0 ǫ ∗
0 0 0 ǫ


dimℜ
5
dimI
2
I =


α 0 0 0
0 β 0 0
0 0 β 0
0 0 0 β

 Perturbation zero
25
CASE 7.14)
C12 = δe24
C21 = 0
C11 = αe11 + βe22 + γe33 + βe44 + βe34
C22 =
q2
α
e11 +
q
β
e22 + γ
−1e33 + β
−1e44
neither α = β = γ nor γ−1 = q2α−1 = β−1
ℜ =


∗ 0 0 0
0 ∗ 0 ∗
0 0 ∗ ∗
0 0 0 ∗


dimℜ
6
dimI
2
I =


α 0 0 0
0 β 0 0
0 0 β 0
0 0 0 β

 Perturbation zero
CASE 7.15)
C12 = 0
C21 = βe32
C11 = αe11 + qγe22 + γe33 + δe44 + δe34
C22 =
q2
α
e11 + γ
−1e22 + γ
−1e33 + δ
−1e44
either α = γ = δ or α 6= γ 6= δ
ℜ =


∗ 0 0 0
0 ∗ 0 0
0 ∗ ǫ ∗
0 0 0 ǫ


dimℜ
5
dimI
3
I =


α 0 0 0
0 β 0 0
0 0 β γ
0 0 0 β

 Perturbation zero
CASE 7.16)
C12 = 0
C21 = βe32
C11 = αe11 + qγe22 + γe33 + δe44 + δe34
C22 =
q2
α
e11 + γ
−1e22 + γ
−1e33 + δ
−1e44
neither α = γ = δ nor α 6= γ 6= δ
ℜ =


∗ 0 0 0
0 ∗ 0 0
0 ∗ ∗ ∗
0 0 0 ∗


dimℜ
6
dimI
2
I =


α 0 0 0
0 β 0 0
0 0 β 0
0 0 0 β

 Perturbation zero
26
CASE 7.17)
C12 = 0
C21 = 0
C11 = 1+ e34
C22 = q
2e11 + qe22 + e33 + e44
ℜ =


∗ 0 0 0
0 ∗ 0 0
0 0 ǫ ∗
0 0 0 ǫ


dimℜ
4
dimI
4
I =


α 0 0 0
0 β 0 0
0 0 γ δ
0 0 0 γ

 Perturbation zero
CASE 7.18)
C12 = 0
C21 = 0
C11 = αe11 + βe22 + γe33 + δe44 + δe34
C22 =
q2
α
e11 +
q
β
e22 + γ
−1e33 + ǫ
−1e44
α 6= β 6= γ 6= δ 6= ǫ
ℜ =


∗ 0 0 0
0 ∗ 0 0
0 0 ∗ ∗
0 0 0 ∗


dimℜ
5
dimI
3
I =


α 0 0 0
0 β 0 0
0 0 γ 0
0 0 0 γ

 Perturbation zero
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